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communicated by Rachel Roberts 

Abstract. If p/q > 18, p is odd, and p/q ^ 37/2, (p,g)-Dehn surgery for the 
(-2,3,7)-pretzel knot produces a 3-manifold without Reebless foliation. 



1. INTRODUCTION 

Every closed orientable 3-manifold admits a foliation with Reeb components 
|Rol| . On the contrary, Reebless foliation T reflects the topological information 
of the ambient manifold M D T . Novikov jNoj showed that leaves of T are tt\- 
injective and ^(Af) = 0. Rosenberg Ros. showed M is irreducible or M « S 2 x S 1 . 
It follows that T lifts to T which has planar leaves in the universal cover M. 
Palmeira|Paj proved that any simply connected (n + l)-manifold, n > 2, admitting 
a smooth foliations by planar leaves with codim=l is diffcomorphic to It 
follows that the universal cover of M is homeomorphic to M 3 (see also jCCj for the 
proof). Especially, M is irreducible and 7Ti(M) is infinite. 




Figure 1. (-2,3,7)-pretzel knot 



Let Ejc be the (-2,3,7)-pretzel knot complement (Fig[TJ. And let Ex (p/q) denote 
the 3-manifold obtained by (p, g)-Dehn surgery along the (-2,3,7)-pretzel knot. It 
is known that there is no closed essential surface in Ek and the boundary slopes 
are 0/1, 16/1, 37/2, and 20/1 [HU][Oi]. Furthermore, E K (X6/l), E K (37/2), and 
Ek{20/1) are toroidal HO . Ek admits (finite) cyclic surgery along 18/1 and 
19/1|FS|. And Blieler and Hodgson |BH| showed Ek{17/1) is a Seifert fibered space 
with finite fundamental group. In particular, Ek (17/1), Ek(18/1), and Ek(19/1) 
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have no Reebless foliation by virtue of Rosenberg's Theorem. Ek is fibered over 
the circle with genus 5 surface whose monodromy is pseudo-Anosov and hence 
hyperbolic. The suspension of the stable laminations gives an essential lamination 
C in Ek with degeneracy slope =1(18/1) |Ga| . C remains essential in Ek{p/q) if 
\p— 18q\ > 1 |GO| . If p is even, C extends to a taut foliation in Eicip/q) by filling 
complementary regions with a bundle of monkey saddle except p/q = 18/1. 

Using the technique in RoQ and jLy, one can prove that Ek{p/ q) has a Reebless 
foliation iip/q 6 (— oo,9). This is done by attaching product disks to the fibers. 

Theorem 1.1 (Main Theorem). If p/q > 18, p is odd, and p/q ^ 37/2, then 
Ex{p/q) does not admit a Reebless foliation. 

The quotient space M /T is called the leaf space. An open transversal to leaves 
gives an 1-manifold structure if T is a Reebless foliation. The leaf space is a non- 
Hausdorff simply connected 1-manifold. There is a natural action of tt\(M) on 
the leaf space induced from the action on M . And this action has no global fixed 
point (see |Paj ) . We will prove the Main theorem by showing there is no nontrivial 
7Ti-action on any leaf space. Our technique are much the same as in [RRS . 

Calegari and Dunfield |CU| notice that T gives rise to a faithful 7Ti-action on the 
a (universal) circle. They showed there is no taut foliation in the Weeks manifold 
(the closed hyperbolic 3-manifold with smallest known volume). 

Our method is not applied to the case p/q — 37/2. Indeed, Ek{37/2) con- 
tains a Reebless foliation. But this foliation is not taut, because it has dead-end 
components. The following is commented by Rachel Roberts. 

Lemma 1.2. £^(37/2) does contain a Reebless foliation. 

Proof: Eudave-Monoz [Eu] showed that Ek (37/2) is decomposed along the 
incompressible torus T 2 into Ejf (37/2) = Xl U T 2 Ar, where Xl (respectively, Xr) 
is the left-handed (respectively, right-handed) trefoil knot complement. 

Since Xl (respectively, Xr) is fibered, take the leaves of the foliations which 
meet 8Xl = T 2 = 8Xr in simple closed curves of longitudinal slope and spiral 
them in a neighborhood of the torus. By adding T 2 as a leaf, neither side is a solid 
torus and so the resulting is Reebless. □ 

It is remarkable that any essential lamination in Ek (37/2) contains torus T 2 
as a leaf |BNRj . The proof of Main Theorem also can be used to show there is 
no transversely oriented essential lamination except p/q = 37/2. The following 
theorem immediately follows from the results of [RRS| . 

Theorem 1.3. If p/q > 18, p is odd, and p/q ^ 37/2, (p/q)-Dehn surgery for 
the (-2,3,7)-pretzel knot gives a 3-manifold without transversely oriented essential 
lamination. 

If M contains an essential lamination with no isolated leaf, a leaf space corre- 
sponds to IR-order tree |GO| . In this case, tt\ acts on R-order tree instead. 

Since £'^-(37/2) is Haken, it contains transversely oriented essential lamination. 
In fact, there is the suspension of the stable lamination in EK(p/q) which remains 
essential when \p — 18q\ > 1. Main Theorem and the argument above imply the 
following. 

Corollary 1.4. If p/q > 19 and p is odd, EK(p/q) contains essential lamination 
but does not admit any Reebless foliation. 
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This paper is organized as follows. In Sectional we discuss some basic proper- 
ties of tti(Ek(p/q))- Section gives an outline of theory of group actions on (non- 
Hausdorff) simply connected 1-manifold. In Section we will prove the nonexis- 
tence of R-covered foliation in Exip/q)- And the proof of the Main Theorem is 
contained in Section [S] and 

All results in this paper were obtained while the author was visiting professor 
Rachel Roberts and professor John Shareshian in the Washington University in 
2002. This paper would not be possible without their help. The author would 
like to express thanks to them for their hospitality that makes visit to St. Louis 
enjoyable and remarkable. 

2. Fundamental Group 

This section contains useful properties and a presentation of (-2,3,7)-pretzel knot 
group. In later sections, we will analyze the group actions on an orientable (non- 
Hausdorff) 1-manifold. The following proposition implies the action can be re- 
stricted to the orientation preserving one. Let J be a knot in S 3 and Ej be the 
exterior of J. Set Go — wi(Ej(p/q)). 

Proposition 2.1. If p is odd, Go does not contain index 2 subgroup. 

Proof: Suppose contrary that there is a subgroup H with [Go : H] —2. Since 
Go/H = Z/2Z is abelian, the commutator subgroup [Go, Go] is a subgroup of H. 
Note that Go/[Go,Go] = Hi(Ej(p/q)) = Z/pZ. Therefore we have a commutative 
diagram below. Because p is odd, we get a contradiction. 

Go G /[G ,Go] = Z/ P Z 




Go/H £ Z/2Z 

□ 

Corollary 2.2. Let X be any oriented manifold and let 

* : G -> Homeo(X) 

be any homomorphism. Then 'I' (Go) < Homeo + (X). 

Proof: Suppose otherwise. Note that [Homeo(X) : Homeo + {X)] < 2. Then 
^~ 1 (Homeo + (X)) is an index 2 subgroup of Go- By Proposition ^. II it is impos- 
sible. □ 

Using the computer program SNAPPEA |Wej . we can obtain a presentation of 
the fundamental group of the knot (or link) complement and the peripheral words 
using an ideal tetrahedra decomposition. Denote (-2,3,7)-pretzel knot complement 
by Ek- The fundamental group of Ek and the meridian m and longitude I are 

ki(Ek) =< a,b | a 2 ba 2 b 2 a~ 1 b 2 >, 

m = a~ 1 b~ 2 , I = ab~ 1 a 2 m- ls . 

Of course, we have 

(2.1) a 2 ba 2 b 2 a - 1 b 2 = 1. 
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Let G(p,q) := ni(E K (p/q)) =< a,b \ a 2 ba 2 b 2 a^ x b 2 ,m p l q > . 

Lemma 2.3 (Lemma 3.4, jRRSj L There is some k G G(p,q) such that m = k q 
and I = k~ p . 

Now we have 

(2.2) I = ab~ 1 a 2 m^ 18 <S=> k p ~ 18q = a^ba' 1 . 
The following relation plays a central role in our proof. 

(2.3) a 3 k p - 18q a 3 = a 3 (a- 2 b a - 1 )a 3 = aba 2 = a _1 &- 2 a& -2 = ma 2 m. 

3. Group action on the leaf space 

We begin with a short exposition of the theory of group actions on non-Hausdorff 
simply connected 1-manifold, taken from RRS . Let T be a Reebless foliation in M. 
Then T can be lifted to J- in the universal cover M. The quotient space T = M jT 
is called the lea] space. The leaf space T is a simply connected, 2nd countable 
1-manifold |CCj . But, in general, it is not necessarily Hausdorff. Moreover there is 
an 1-1 correspond between simply connected 1-manifolds and planar foliations in 
R 3 up to conjugate by Palmeira jPaj (see also |CC| for details). Gabai and Kazez 
|GK| extends this relation to the essential laminations and R-order trees. 

We recall here some terminology and definitions in RRSj. Given x,y G T, we 
consider the geodesic spine 

[[x, y]] = {z G T\x, y lie in distinct components of T \ {z}} U {x, y} 

from x to y. [[x, y]] is the union of a finite number of disjoint (possibly, degenerate) 
closed intervals. 

[[x,y]] = [x,Vi] U [x 2 ,y 2 ] U • • ■ U [x n ,y], 
where yi is not separated from Xi+\. Set 

d(x, y) = n — 1. 

Obviously, if y G [[^-^]] for some x,y,z G T 

d(x, z) = d(x, y) + d(y, z). 

Let us call a subset X of T spine- connected if for all x, y G X, [[x, y]] C X. 

Fix an orientation on T. For x G T, T \ {x} has exactly two components since 
T is simply connected. If U is a connected Euclidean neighborhood of x, the two 
components of U \ {x} lie in distinct components of T \ {a;} (Exercise C.1.4, |CC| L 
Only one component, say, U + is in the positive direction of x. Let x + be the 
component of T \ {x} containing U + and let x~ be the component T \ (x + U {x}). 

Now we define a partial relation < on T. For x,y G T, 

It follows that every map in Homeo + (T) preserves this order <. 

Define a relation ~ on T by x ~ y if and only if a; and y are not separated in T. 
Set 

[x] - {y G T|y - a:}. 
If a; ~ y, let ^a;,!,} denote the submanifold defined as follows: 

• if x G y + (equivalently, if y G x+), set T {x , y} = f] z ^ x and z + , and 

• if x G y~ (equivalently, if y G x~), set T^^} = f] z ^ x and z". 
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The relation ~ is reflexive and symmetric, but not necessarily transitive. How- 
ever, by Denjoy blowing up, we can modify T so that ~ is an equivalent relation 
(see Appendix in RRS ). In what follows we shall assume ~ is an equivalence 
relation. Define the Hausdorff tree Th — T / ~. 

If X, Y are disjoint, nonempty, spine-connected subsets of T , the bridge from X 
to Y is the intersection of all paths in T with one end point in X and the other in 
Y. Similarly, we can define the bridge in Th ■ 

For any group G acting on 7", if g 6 G, denote 

Fix(g) = {x G T\xg = x} 

and 

Nonsep(g) = T\xg ~ x}. 

We say the action is trivial or has a global fixed point if there is some x G T such 
that x ^ xg for all g G G. 

Define the characteristic set associated to g by 

C g = {x G T|d(x,xg) is even }. 

Lemma 3.1 (Lemma 4.7, |RRS) ) . Let x E T. Then x G C g if and only if x and 
xg are comparable with respect to the partial order <. 

Proposition 3.2 (Proposition 4.8, [RRS] ). Suppose Nonsep(g) = 0. Then C g ^ 
and for any x G C g , 

C g =\J[[xg n ,xg n +% 

When Nonsep(g) — 0, A g :— C g is called an axis for g. From Proposition ^ . 21 in 
T, A g or A g w U^^a^y,], where [a?i, 3/4] is homeomorphic to a closed interval 
in E, [aff , y»] R [x l+ i , y i+ i] = when i ^ j, x, t ^ y, and y l ~ at i+ i for all i, j. In each 
case, the action of g on A g is conjugate to an action by translations. In Th, the 
image of A g is homeomorphic to R. 

Suppose y is a ^-invariant embedded copy of R in T on which g acts freely. 
Then we call Y a local axis for g. Now suppose that Nonsep(g) ^ and let Tj for 
some i £l, denote the path components of T \ Nonsep(g). Notice that Tg = Tj 
for some j G X. Moreover, whenever Tg = T, g acts freely on Tj, and hence this 
local action has an axis A g C T. One can check that such an A g w R and hence is 
an example of a local axis for <?. 

Lemma 3.3 (Lemma 4.10, RRSj ) ■ Suppose Nonsep(g) ^ 0. Then 
C g = Fix(g) U {a; G T|a; Hes on a Zoca/ cms /or <?}. 

Lemma 3.4 (Corollary 4.12, [EES]). If there is some x G T such that d(x, xg) 
is even, then Nonsep(g) ^ 0. 

Lemma 3.5 (Corollary 4.13, jRRSj h Let g G G. Then both C g and C g UNonsep(g) 
are spine- connected. 

Sometimes it is useful to consider an object obtained by adding one points x, 
called an ideal point of T, to T for each ^-equivalence class [x] in T which contains 
more than one point. This object, denoted by T, is called the completion of T. We 
say that an ideal point x is a source if whenever y, z are distinct elements of [x] 
we have |/6z _ and we say that x is a smfc if whenever y, z are distinct elements 
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of [x] we have y 6 z + . Note that every ideal point x is either a source or a sink. 
The action of any subgroup of Homeo(T) extends to an action on T in the obvious 
way, that is, we set xg = y if [x]g = [y). We want to extend our partial order on T 
to T so that group actions on T obtained from orientation preserving actions on T 
preserve this extended partial order. For an ideal point x, we define 

- + = f IU[*](M u 2/ + )> « source, 
\rU[x]2/ + > i a sink, 

and set 

x~~ = T \ x + . 

Note that x + ,x~ C T. If /i £ Homeo + {T), for x,y eT, we have x + C y + if and 
only if (cc/i) + C (yh) + . So we extend the partial order < in T to T. 

Whenever possible, we will use T H instead of T to avoid tedious arguments when 
we deal with non-Hausdorff points and to use the simply connectedness. 

Lemma 3.6 (Lemma 5.6, RRS ). Any nontrivial action of G on T canonically 
induces a nontrivial action of G on Th . 

The action of tt\(M) on M induces a right action by homeomorphisms on T. 
That is, there is a homomorphism 

$ : tti(M) -> Homeo(T). 

By Corollary 12. 21 we can assume $ : G(p,q) — > Homeo + (T). 
We set 

a = $(a) 
/? = $(6) 
= <f>(m) 

K = $(fc). 

Thus we have 

(3.1) a^a 2 /? 2 ^ 1 /? 2 = 1 by (l2~Tl) . 

(3.2) k p ~ 189 = a^a" 1 by O, 

(3.3) a 3 K p - 18<z a 3 = [io? bv (IQl. 

By |CDI Theorem 7.9], we can assume $ is injective, that is, iri acts faithfully. 
We will abuse the notation G(p, q) for the image of <&. When there is no ambiguity, 
we will simply say that G(p,q), instead of Q(G(p, q)), acts on a leaf space T. 

4. M-COVERED FOLIATION 

In this section, we will prove nonexistence of R-covered foliation in Ex(j>/q) for 
p/q > 10. 

The following lemma will be used in several times in the proof of Main Theorem. 
If one wish to analyze other 3-manifold group following RRS., this lemma seems 
to be a criterion in choosing a presentation of a group. 

Lemma 4.1. Let G{p,q) act on a partially ordered set P. Suppose that G(p,q) 
preserves order. If some ieP satisfies either of the conditions 
(1) xk = x and x, xa are related in P, or 
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(2) xa — x and x, xk are related in P 
then x is fixed by every g £ G{p, q). 

Proof: Suppose xk — x. Then we can assume x < xa because G(p, q) =< 
K,a >. Then 

(4.1) x = Xfj, = xa~ 1 fi~ 2 < xfi~ 2 . 
But x = xK p ~ 1Sq — xa" 2 fia" 1 < xfia . This implies 

xa < xj3. 

Since x < xa, we have x < xf3 < x(3 2 . Contradiction to 14.11) . 
Similarly, if xa = x we may assume x < xk. Then 

(4.2) x < xfi = xa~ 1 (3' 2 = xf3~ 2 . 
But x < xK p ~ 1Sq — xoT^fior 1 — xfia^ 1 . This shows 

x < xfi. 

Hence x < xfi 2 . Contradiction to (|4.2|l . □ 

Lemma 4.2. If q > and xk > x for all x € M then x > xfi. 
Proof: Since xa^ 1 fi~ 2 = xfi = xk q > x for all x £ M, we have 

(4.3) xa" 1 > xfi 2 . 
Then 

x = xa 2 fia 2 fi 2 a~ x fi 2 by (EH)> 
< xa 2 fia 2 aT 1 a~ x a~ x by (|4. 3p 

= xa 2 fia~ 

and xafi~ x < xa 2 . By replacing xa with x we get 

(4.4) xa > xfi' 1 , and 

(4.5) xa 2 > xfi' 2 . 
Thus 

x = xa 2 fia 2 fi 2 a- 1 fi 2 by (23} 

> xfi- 2 fifi- 2 fi 2 a- 1 fi 2 by g]3 
= xfi^a^fi- 2 

> xfi~ 1 fi 2 fi 2 by E3J) 
= xfi 3 

for all x E K. This implies x > xfi. □ 

Proposition 4.3. Ifp/q > 10 and <j> : G(p,q) — ► Homeo + (W) is any homomor- 
phism then there is some i£l which is fixed by every element of <fi(G(j),q)). 

Proof: By Lemma 14. II we may assume xk > x for all x £ M. Then x > xfi for 
all x £ K by Lemma l4~2*l Since 

2o „2o2 -lo2 , „,„2 2 -1 _ „,„3 



2o 2o2 -lo2 , 2 2-1 

x — xa fia fia fi < xa a a 
Lemma 14. II implies that xa > x for all x £ 



xa 
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Since x/j, > x, x > xa/3 2 for all x € K. Therefore 

(4.6) x = xa 2 (3a{aP 2 )a~ 1 P 2 < xa 2 fiaa- 1 (3 2 = xa 2 f3 3 . 
Now, we will prove the following. 

(4.7) xa > x[i 2 for all iel. 

To see this, note that this is equivalent to xa 2 2 a0 2 > x. 

x(a 2 /3 2 )a(3 2 > xfi^af? by g2J 
> x/T 1 /?" 1 /? 2 by WM 
= x. 



From (|4.7|) . 



2 2—1 

xa > xjjL O x > XjjL a 



<=*> xf3~ 2 > x^a' 1 ^ 2 = x/i 3 

So we have 

(4.8) x(3~ 2 > x/j, 3 . 



It follows that 



xK 18q - p = xa(3- 1 a 2 > xa(5~ l /T 3 by g3 

> xfi 2 ^ 4 by (£OJ 

> a^V by g3J 
= x// 

= m 8 «. 

Since we assume xn > x, I8q — p > lOq. Hence p/q < 10. Contradiction to the 
hypothesis. □ 

We suspect that the Proposition is still true for p/q > 9. On the contrary, it is 
likely that the taut foliation for the coefficients p/q G (— oo, 9) are R-covered. 

5. N onsep(n) = 

In this section, we will show the Main Theorem when Nonsep(n) = 0. From 
now, we will assume p/q > 18 p — I8q > 0, unless specified otherwise. 

Proposition 5.1. Suppose N onsep(n) = 0. Then the action G{p 1 q) on T is trivial. 

Proof: Consider the action on Th . There are 3 cases for A K n A K a. 

(1) A K n A K a — A K . 

(2) A K fl A K a is a nonempty proper closed connected subset of A K . 

(3) A K n A K a — 0. 

For case (1), A K w R is invariant under Im<!> and hence there is a fixed point in Th 
by Lemma 14.31 Thus, there is a global fixed point in T by Lemma 13.61 

Case (2) will be proved in Lemma T5. 41 and case (3) in the Lemma below. □ 

Lemma 5.2. Suppose Nonsep(n) — 0. If A K PI A K a = 0, the action G(p,q) on T 
is trivial. 
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Proof: The relation applies to give 

A K a 2 fi = A R fj,a 2 (i = A K a 3 K p ~ 18q a 3 . 

We will compare the bridges from A K to A^a 2 /^ and A K a 3 K p ~ 1Sq a 3 to find a con- 
tradiction. 

In Th , we define a total order on A K by x -< xk for all x € A K . Let [r, s] be the 
bridge from A K to A K a in Th- 

(i)4nV^. 

Since the bridge from A K a to A R a 2 is [ra, set], s = ra. Let [x,y] — 
A K n A K a 2 . Possibly, x or y is not finite, 
(a) A K n A K a 3 = 0. 

Then the bridge from A K to A K a 3 begins at r. Hence the bridge from 
A K a 3 to A K a 3 K p ~ 1Sq a 3 begins at rn p ~ 1Sq a 3 . From the FigEl we see 
that the end point of the bridge from A K a to A K a 2 is 

ii x < r < y : 
x if r ^ x, 
y if y r< r, 

because the bridge from A K a to ^4 K a 2 is [ra, ra 2 ]. On the other hand, 
the bridge from A K a 3 to A K a 2 fi begins at 



r K p - 18q a 3 



ra if x ^ r -< y, 
xa if r -< x, 
ya if y ^ r. 



For all three cases, we have rK p 1&q a 3 
r -< rn p ~ 18q . Contradiction. 



ra" 



<=)■ rn p ~ 18q = r. But 



xa 


ya 


X 


y 



A K a 3 
A K a 



sA K a 2 



x if? r ■< y 



A K a 3 

"*> /_A K a 

xa ya 

* yA K 

V \A K a 2 
Figure 2. A K n A K a 3 



xa 
x 

y<r 



ya 
V 



A K a 3 
-A, 



sA K a 2 



(b) A K n A K a 3 + 0. 

It follows that A K a 3 n A K a 3 K p ~ 18q a 3 ^ 0. Equivalently, A K o; 3 n 
A K a 2 /i ^ 0. But A K a 2 n ^ K a 3 = 0. Let [z, to] = A K n A K a 3 . Then 
x < y < z < w. Since the bridge from 4 K a 2 to A K a 3 is [ra 2 ,ra 3 ], 
y = ra 2 and z = ra 3 . That is, z = ya G A K a. In particular, z $ A K . 
Contradiction. 
(2) A K n A K a 2 = 

Then the bridge from A K to A K a 2 is [r, sa] (Fig - So the bridge from 
A K to A K a 2 n is [r/x, sa/x](Fig|3J. 
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s 






ra 


r 



^ A K a 2 

A K a JU 
A K 



SfJ, 






ra/i 



r/i 



4^ A K a 2 fi = A Ki ia 2 ti 

A K an 
A K = A K /i 



Figure 3. bridge from A K to A K ^a 2 /j, 

(a) A K n A K a 3 ^ 0. 

Since the bridge from A K a 2 to A K a 3 is [ra 2 , sa 2 ] and A K n A K a 2 = 0, 
sa = ra 2 s = ra. See Figures|3|and2] Note that [r, ra]n[ra, ra 2 ] — 
{ra}. So [r«, ra 2 ] H [ra 2 ,ra 3 ] = {ra 2 }. But the bridge [ra 2 ,ra 3 ] 
should contain [r, ra 2 ]. Contradiction. 



A K a 2 
A K a 

A K 



/ \ A K a 3 

Figure 4. A K n A K a 2 — and A K n A K a 3 ^ 

(b) A K n ,4 K a 3 - 0. 

The bridge from A K to 4a 3 K^ 18,! a 3 is [r, sa 2 K p ~ 189 a 3 ](Fig[5J). 



v 2„p-18g 



sa 1 






rn 


p-l&q 



A K = A kK p- 1s i 



A K 



„-3 





sa 2 K p ~ 


-18? a 3 


2 

sa 






rn p 


-18<? a 3 



,4 K a 3 



Figure 5. bridge from A K to A K a 3 n p 1Sq a 3 

Consequently, [rfi,sa[i] — [r, sa 2 n p ~ 1Sq a 3 ]. But r ^ r/x = r« 9 in 
A re cTh- Contradiction. 

□ 

Owing to the following lemma, we can rule out the case that a acts on A K with 
fixed points in Th when we prove Lemma I-5. 41 

Lemma 5.3. Suppose that in T, we have Nonsep(a) D A K ^ 0. TTien t/ie action 
G(p, q) on T is trivial. 

Proof: If x G Fix(a) R 7^ 0, then d(x,xn) is necessarily even, and hence a; 
and xk are comparable with respect to < on T. Then Lemma |4 . 1 1 applies . So we 
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may assume that Fix(pt) n A K — 0, and choose x G Nonsep(a) fl A re . 
Consider [x] fl A K . Either [x] A K — {x} or [x] fl A K = for some y ^ x. In 

the first case, Lemma 14.11 applied to the ideal point determined by [x] shows that 
the action of G(p, q) on T is trivial. Now we assume the second case. Since x G A K , 
we may assume xk < x (Fig [HJ . Let d(x,XK) — 2n > 0. 



yK' 1 xk' 1 y x yK xk 

Figure 6. Nonsep(a) Ci A K ^ 9 

There are 5 subcases: 

(1) x = xa 2 

x > XK p ' 18q = xa^fia' 1 = xfia' 1 
<^> xa > xf3. 

But x > xfi — xa' 1 f3' 2 <^> X0 2 > xa' 1 = xa. Therefore, 

x(5 2 > xa > x[3 
^> x/3 > x 
^> xa > x(3 > x 
=>■ xa > x 

x = xa 2 > xa > x. 

Contradiction. 

(2) y = xa 2 

x(3 = xa 2 K p ' 18q a = yK p ' 18q a > x and x/3 G (xa)' (FigJTJ. Then x/3 2 = 
xfi' 1 a' 1 G (ya' 1 )' = (xa)' and x[3 2 > x(3. We now see that x(3 G 
[[x,xf3 2 ]}. d(x(3,x0 2 ) =d(x,xp) = d(x, xa 2 K p ' 18q a) = d(xa' 1 ,yK p ' 18q ) = 
d(y,yK p ' 18q ) — 2n(p — 18q), because xa' 1 ^ x. 
Therefore, 

An(p - 18?) = d(x, xfi) + d(x(3, x/3 2 ) 
= d(x, x(3 2 ) 
= d(x, x[i' 1 a' 1 ) 
= d(xa, xn' 1 ) 
= 2nq. 

That is, p/q — 37/2. However, we have assumed that p/q ^ 37/2. 

(3) y 7^ xa 2 and x — xa 3 (hence x ^ xa 2 ) 

d(x,xa 3 K p " 18q a 3 ) = d(x,XK p ' 18q ) = 2n(p - I8q). On the other hand, 
d(x, x(ia 2 fi) = Anq (Fig [HJ - Hence 2n(p - I8q) — Anq <^ p = 20q. But we 
assume p is odd. 

(4) x 7^ xa 2 , xa 3 and y = xa 3 (hence y ^ xa 2 ) 

xa 3 K p ~ 18q a 3 = yK p ' 18q a 3 G (xa 3 )' — y' , since yK p ' 18q G x' . But 
x[ia 2 [i G y + (FiglBJ. 

(5) x ^ xa 2 , xa and y ^ xa 2 , xa 3 

x[ia 2 ii G x~, but xa 3 K p - 18 «a 3 G x+ (FigEJEJl. 
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Xll~ l oT X = x(5 2 



xj3 = yn 



xa = ya 



X[L 



xa = y x 
Figure 7. y = xa 2 



yn 



p-lSq 



x[io? I xfia 2 ^ 



xa 2 [i 



y x yn Xfi 

Figure 8. x^a 2 /! 



A K 



a 



xa S K p-lSq a 3 



xa 3 n p - 18(! 



■A K 



y x y K P- ls i XK p - 1S(! 

Figure 9. la 3 ^- 18 ^ 3 

The following lemma, together with Lemma l^^l will complete the proof of Propo- 
sition [O] 

Lemma 5.4. Suppose that A K nA K a is a nonempty proper closed connected subset 
of A K . Then the action G(p,q) on T is trivial. 

Proof: Suppose otherwise. In Th , A R * R. Let < denote the total order on A K 
specified by x ^ xn for all x £ A K . With respect to this order, let r (respectively, 
s) denote the lower bound (respectively, upper bound), if it exists, of A K n A K a. 
Otherwise, set r = — oo (respectively, s — oo). Note that at least one of r and s is 
finite because the intersection is a proper subset. 

When r ^ s let < a denote a total order on A K a such that ^ and < a agree on 
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A K C\A K a. Similarly, we define < a 2 (respectively, < a 3) on 4 K a 2 (respectively, A K a 3 ) 
to agree with < a (respectively, da 2 ) on A K a f~l A K a 2 (respectively, A K a 2 fl A K a 3 ). 

Let Y be an embedded copy of R in 7}/ with a total order. Then the homeo- 
morphism 

a r : Y -> Fa r 

is order-preserving or order-reversing if some total order is defined in Ya r . Suppose 
that a : (A K ,d) — » (A/sCC, is order-preserving. Then ra < a sa and ra -1 ^ 
sa . Since ra, sa £ A K a 2 , ra ;< Q 2 sa. Therefore the map a : (A K a, X a ) — » 
(A K a 2 , diet 2 ) is order preserving. In particular, ra 2 da 2 sa 2 <=> ra 2 da 3 sa 2 . Since 
(ra _1 )a 3 = ra 2 da 3 sa 2 = (sa _1 )a 3 , the map a 3 : (A K ,~<) — > (^4 K a 3 ,^ Q 3) is 
order preserving. 

If r and s are finite and either 

[ra, sa] C [r, s] or [r, s] C [ra, sa], 

the intermediate value theorem implies Nonsep(a) fl 7^ 0. This contradicts to 
Lemma 15.31 

Accordingly, we have 3 cases by symmetry (Fiar lHty . 

(I) r -< Q ra < a s -< a sa. 

(II) r -< a ra = s ^ a sa. 

(III) r < a s < a ra < a sa (if da is defined) <^> [r, s]n[ra, sa] = <^> A K C\A R a 2 = 0. 




Figure 10. A K ,A K a, and A K a 2 



For (I), note that 

ra -< a -i ra 2 -< Q 2 sa < a i sa 2 . 

If A K nA K a 3 = 0, then s ra 2 . Then the bridge from A K a 3 to A K a 3 n p ~ 18q a 3 
is a translation of the bridge from A K to A K a 3 n p ~ 18q by a 3 . 

[sK p - 189 ,ra 2 K p - 18 «]a 3 = [sK p - 189 a 3 , raV- 18<z a 3 ](see FigHTJ. 

On the other hand, the bridge from A K a 3 to A K fia 2 fi is 

(1) [ra 2 , s] when ra/j -< s, 

(2) [ra 2 ,ra;i] when s -< ra/x, 



14 



JINHA JUN 



A K a 2 



A K a 2 



A K a 



ra 



•SO 



ra 2 K p - 18q 



-A K a 3 n p ~ 18q 



ra 



A K 



Figure 11. A K nA K a 3 = 



(3) [ra 2 , x] when s = ran f° r some x. 
See Fig El 



A K a 2 [i 



A K a 2 [i 



-A K a 




A K a 2 \i 



ray, s s/j, 



s rafi s/i s = rafi sfi 



FIGURE 12. bridge from A K a 3 to A K fia 2 fi 



Case (1) , 



SK p ~ 18q a 3 = ra 2 , 



Hence both r and s are finite. By (|3.2(l . the 



second relation is equivalent to s = r/3a 2 . Substituting this in the first relation 
yields 

ra 2 = r(3a 2 K p ~ 18q a 3 = r{3a 2 (pT 2 fia^a 3 
<^ r = r/3 2 = rfi~ x aT x 
<^> ra — r/i^ 1 . 
But rfi" 1 -< r -< ra. Contradiction. 

Hence both r and s are finite. We have 

ra k p L8q a 3 = rafi. 
rafi = ra 2 '{aT 2 [3a~ 1 )a 3 = r(3a 2 
(5.1) r = rf3a 2 fi~ 1 a~ 1 = rf3a 2 (3 2 = ra~ 2 (3~ 2 a = raffia 

ra -1 = ra~ (1. 

But ra~ x -t, ra^ 1 fi. Contradiction. 

{sK p - 18q a 3 = ra 2 , 
ra 2 n p ~ 18q a 3 — x, Then both r and s are finite. We have 
s = rafi. 

rann p - 18q a 3 = ra 2 
& ran p - llq = ra^ 1 . 
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But ra 1 -< r -< ran p 17q . Contradiction. 

Now we may assume A K n A K a 3 ^ (Fig 113(1 . Then ra 2 ;< Q 2 s. Hence the 



A K a 2 



ra 



A K 



A K 



ra 



A K 



Figure 13. A K n A K a 3 ^ 

intersection between A K and A K a 3 K p ~ 18q is [ra 2 ft p ~ 189 , sk p ~ 18i? ] in ^-order in A K . 
Since a 3 : (A K , -<) — > (A K a 3 , -< Q 3) is an order-preserving map, the intersection be- 



tween A K a 3 and A K a 3 n p 18q a 3 is [ra 2 K p 18q a 3 ,. 



a ] in -< a 3-order in A K a 3 . 



On the other hand, the intersection between A K a 3 and A K a 2 n is, in -< a 3-order, 

(1) [ra 2 , s] when ra/i -< ra 2 , 

(2) [ra/x, s] when ra 2 -< ra/i -< s, 



(3) [a;, s] when ra 



rcx/A, 



(4) [s, y] when s = ran- 
See Fig[H 



A K a 3 



A K a 3 









A K 


\ 


/ 




ran rQ ,2 s sfi 


ra 2 ra ^ s 


Sfi 



ran ra 



A K a 3 



A K a 2 ^ 



ran 
- ra 2 



ra 



Sfi 



A K 



ran 



A K a 2 n 



ra -< ran ~^ s 
A K a 3 A K a 2 n 




Figure 14. A K a 3 n A K na 2 n 

Since r and s are not necessarily finite, we will show a contradiction even when 
one of r and s is not finite. Recall that at least one of r and s is finite. 
Case (1), [ra 2 ,s] = [ra 2 K p ~ 18q a 3 , SK p - 1Sq a 3 }. 

• ra 2 = ra 2 n p ~ 18q a 3 <^> ra -1 = ra 2 n p ~ 18q . But ra -1 r -< ra 2 n p ~ 18q . 
Contradiction. 

• s = sn p - 18q a 3 . Then s -< sk^" 189 & sa 3 < a 3 sK p ~ 18q a 3 = s. But 
s < a sa sa -1 ^ s <^> sa 2 ^ Q 3 sa 3 . Since s -< a 3 sa 2 -< a 3 sa 3 , we get a 
contradiction. 
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= \rn, 2 K P- 1S <lrv 3 



c p-i8g a 3 



Case (2), [ra/i, s] 

• ran = ra 2 K p Sq a 3 . Contradiction as shown in case(2) of (I) 

• s = sn p ~ 18q a 3 . Contradiction as in Case (1). 

Case (3), [x,s\ = [ra 2 n p ~ 18q a 3 , sK p ~ 18q a 3 ] and ra 2 

ra 2 K p ~ 18q ~< ra 



ra[i. 
-1 



But ra 1 -< ra 2 -< 



• x = ra 2 n p ~ 18q a 3 < a 3 ra 2 
ra 2 n p ~ 18q . Contradiction. 

• s = sn p ~ 18q a 3 . Contradiction as in Case (1). 

Case (4), [s, y] = [ra 2 n p ~ 18q a 3 , sK p ~ 18q a 3 ] and s = ra^i. Then both r and s are 
finite. We have ra/i = s = ra 2 K p ~ 18q a 3 . Contradiction as in Case (2) of (I). 

For (II), note that A K D A K a 3 = 0. And every arguments in this case reduce to 



the case (I) with A K n A K * 



v3 — 



and s -< s/x = ra/i fFig ll5|) . 

A K a 3 K p ' 18q 







\ sa' 


A...n 3 \ 




A^a 


sa = ra 2 \ 


ra 2 K p 1 




za 





Figure 15. Case (II) s = ra 

For (III), note that ra < a 2 sa < a 2 ra 2 < a 2 sa 2 . In particular, A K n A K a 3 
(Fig EE). 



The bridge from A K a 3 to A K a 3 K p 18q a 3 is [sk 



p-18g 



v 2„p- 1891^,3 



]a 3 . On the other 



hand, the bridge from A K a 3 to A K a 2 [i, = A K fia 2 71 is [ra 2 , ra/i]. So we have 
ra 2 and 



• ra\x = ra 2 n p ~ 18q a 3 . 



Hence r and s are finite and we get a contradiction as shown in 15. II 

Now we may assume the map a : {A K ,-<) — > (A K a, -< Q ) is order reversing. 

Equivalently, sa -< a ra. 

If [r, s]f][sa, ra] ^ 0, intermediated value theorem is applied to show Nonsep(a)Ci 

A K ^ 0. Hence we assume [r, s] (~l [sa, ra] = 0. By symmetry, we can assume 

r -K a s -< a sa -< a ra (and hence s is finite). 



A K 



Sfl: 





A K a 3 




A K a 3 K p ~ ] 


sa 




A K a 2 n 




? 2 
ra sa 




ra 2 K p ~ 18q 


ra 


A K a 2 ran 







SH 



A„ 



Figure 16. Case (III) 
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S Sfl SK p - 1Sq 



Figure 17. order reversing 

The bridge from A K a 3 to A K a 3 K p - 1Sq a 3 is [sK p - 1Sq a 3 , so? k?~ 18 * a?] (Fig E). 
The bridge from A K a 3 to A K a 2 p, is [sa 2 , sa/j]. So we have 

<^> s/3a 2 = s^ -2 

<^> s/3a 2 l3 2 = s 

<^> sa^Va = s by 

But sa _1 -< sa _1 /i. Contradiction. □ 
The line of reasoning used in this section shows that one actually has 

Lemma 5.5. Suppose Y is a K-invariant embedded copy o/R in T on which n acts 
freely. If 

• 7^ Y fl Fa C [r, s] /or some r, s £ or 

• y fl Fa = and the bridge from Y to Ya has the form [[r, s]] for some 
r ~ r' EY, s ~ s' E Fa, 

i/ien t/ie action G(p, q) on T has a global fixed point. 



6. N onsep(n) ^ 

We will complete the proof of Main Theorem by showing below that there is no 
nontrivial action on T when Nonsep(n) ^ 

Lemma 6.1. There is no x E T which is nonseparated by k and a. 

Lemma 6.2. If Fix(K p ~ 18q ) n Nonsep(n) n C a j= 0, i/ien i/ie action G(p, q) on T 
is trivial. 

Proof: Let x E Fix(n p ~ 18q ) n Nonsep{n) n C Q . By Lemma 13. II cc and a;a are 
comparable. \i xa — x, x — xn p ~ 18q — xa^fiaT 1 — xfta^ 1 <^> x — x(3. Because 
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G(p, q) =< a, (3 >, instead we can assume that x < xa. Then 

-l 



xa < x(3 
x < x(3 
x < x(3 2 - 



xii a 



xa < Xfj, 
-i 



=> X < xix 
Since x ~ Xji, we get a contradiction. 



□ 



Lemma 6.3. If Nonsep(n) R C a ^ 0, then the action G(p,q) on T is trivial. 

Proof: Let x G Nonsep(n) l~l C a . By Lemma 14. II we may assume that x ~ 
but x ^ ik. Set 7o = Ts x>XK \. We assume that x < xa. 

If ia _1 e Tq or xa £ Tq, then the ideal point x G T is fixed by re and related to 
xa, and Lemma 14 . 1 1 applies . 

So we may assume that xa,xa~ l G" Tq. Since x < xa, either Tq C x + and 
xa G y~ for some t/ ~ 1,1/ ^ i or To C a;" and xa G ?/ + for some y ~ a;, y ^ x. 
We may assume the first possibility holds. Note that {x,y} C [[xa -1 , xa]] and so 
d(x, xa) — 2n > 0. In particular, we have Nonsep(a) = and C a — A a by Lemma 
13.41 (Fig I18p . We can also assume that x ^ xn p ~ 1Sq and y ^ yre p ~ 18<? by Lemma 

m 



xa 1 ya 1 



x y xa ya 

Figure 18. C a 



Then we have 3 cases. 
(1) y\i = y and x yn p ~ 13q . 

d(y,yna 2 Li) = d(y,ya 2 ) = 
d( yK p - 18q a 3 ,ya 3 K p - 1Sq a 3 ) 
impossible. 



An. But d(y,ya 3 K p ~ 18q a 3 ) = d{y,yn p - 18q a 3 )^ 
- 6n + 6n = Yin (FigH^jl. Since n > 0, this is 



ya 3 K p-18q 



jJH 



p-lSq 



x y 



ya 3 K p - 1Sq a 3 



yK p - 18q a 3 



xa 3 ya 3 



Figure 19. x ^ yre p ~ 18 « 
(2) yii = y and x = yn p ~ 18q . 
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(a) y/3eA a -^ ya 2 K p ~ 18q 6 A a . 

Then d(x,ya 2 n p ~ 1Sq ) = d(y,ya 2 ) = An. Since ya 2 G y~, ya 2 K p ~ 18q £ 
(yn p ~ 18q )~ = x~. Moreover ya 2 n p ~ 18q G A Q . Therefore, 

-o- y(3 — xoT 1 
^ y/3 < x 

O ya -1 = y^~ 1 a~ 1 = y/3 2 < x/3. 

Since x/3 ~ y/3 = xa -1 ~ ya^ 1 , we get a contradiction. 

(b) y/? g" A,. 

Since d(xa, = d(xa, ya 2 K p ~ 189 a) = d(x, ya 2 n p ~ 1Sq ) — d(y, ya 2 ) = 
An = d{xa,xa~ 1 ), xa" 1 g" [[xa, J//3]]. 

If x G [[xa,y/3]], then y/3 < x (Fig I2()|l. Therefore x/3 > ya -1 = 
yu~ 1 a~ 1 — y/3 2 . Contradiction. 

If x £ [[xa,x/3]], y > y/3 =>■ y > y/3 2 — yct _1 (Fig[2Dl- Contradiction. 

xa -1 ya^ 1 x y xa ya xa -1 ya~ l x y xa ya 



x/3 y t/3 



Figure 20. x/3 and A, 



(3) y ^ y\i. 

Since xua 2 ~ ya 2 G y~, x/ia 2 G Thus x/ia 2 u G (yu)~~ C y + . But 
xa 3 K p " 189 a 3 U {y}(see FigHSJ. 

□ 



Lemma 6.4. If Nonsep(n) and Nonsep(a) (~1 C K 7^ 0, i/ien i/ie action G(p,q) 
on T is trivial. 

Proof: Let x G Nonsep(a) R C K . By Lemma |3. 31 either x G Fix(a) or x lies 
on some local axis AJ. « R (in T) for k. By Lemma 16. II we may assume that x lies 
on some local axis A % K . Then either x G Fix{a) or the ideal point £ G T is fixed by 
a and related to xk. In either case, Lemma 14 . II applies . □ 

Lemma 6.5. IfG(p,q) acts nontrivially on T, then: 

• C K U Nonsep(n) G Xj /or some jo G J , and 

• C a U Nonsep(a) C Ti /or some £0 G X. 

Proof: By Lemma [6.41 (C K U Nonsep(n)) n Nonsep(a) — 0. By Lemma [3.51 
therefore, C K U Nonsep(n) C Aj for some jo G »/. A symmetric argument proves 
the second statement. □ 



Proposition 6.6. Suppose N onsep{n) ^ 0. TTien i/ie action is trivial. 

Proof: Let io, jo be as guaranteed in Lemma lH^l Suppose first that Ti a n = Tj, 
As remarked above, A l ° w R. By Lemma lo"5l Nonsep{n) U AJ. C X, . 
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Consider first the possibility that Xj a — Xj , and hence A>° C T, . In fact, 
T ig r\X jo is a subtree of T containing both A]° and A j ° . Therefore, if A l ° (lA^ = 0, 
the bridge from A l ° to A^° lies in T; nX, . If either of the two potential endpoints of 
A % ° (respectively, A J °) exist in T, they are in Nonsep(n) (respectively, Nonsep(a)) 
and hence are not elements of % (respectively, Xj ), and therefore cannot be on 
the bridge. Hence this bridge has the form [[m,i>]] or [[u, «)), where u and v are 
not separated from points in A l ° and A^° respectively. Computing A 1 " in this case, 
we see that A l ° n A % °a — 0, with the bridge from A j? to A l ° a of the form [[u, w]] 
for some w ~ w' G A l °a. So Lemma f5 . 51 reveals that the action of G(p, q) on T is 
necessarily trivial. On the other hand, if A z ° nA^ ^ then Lemma IfTTTl guarantees 
that A l ° fl A3° C [u,v] for some u,v G ^4J.° . Computing AjPa in this case, we see 
that one of the two conditions of Lemma 15.51 is satisfied, and so once again, the 
action of G(p, q) on T must be trivial. 

Next consider the possibility that Xj a = Xj t =/= Xj . Let y and ya denote the 
roots of Xj and Xj a a, respectively. Let [[y,r]] denote the bridge from y to Aj? in 
T. By Lemma IHtI we may assume that r ~ r' for some r' G AJ?. So AJ? nAJ.°a = 
with bridge [[r, ra]]. Again, by Lemma 15.51 the action of G(p, q) on T has a global 
fixed point. 

Suppose that Ti K = Ti t ^ Tj . In particular, x ^ xk. As shown in the proof of 
Proposition 8.7 in RR^, we have xa G x~ and a; G (ia)" (Figl21|l. 



Figure 21. x and xa when T io n = T tl 

If x = x/i = xn p ~ 1Sq , then x = xk p . Since (p, q) = 1, x = xk. Hence x is not 
equal to at least one of xfi and xK p ~ 18q . 

Suppose that x = xa 2 . Assume first x = xk p ~ 18q (and hence x ^ Xfx). Then 
xa/i -1 = xa 3 /i _1 = xa~ 3 /ia 2 = xa/ia 2 . Since d(xfi~ 1 , xa/i -1 ) = d(x,xa) = 
<i(x/i, xa/i) = d(x[ia 2 , xa/xa 2 ) and x/i _1 ~ x = xa 2 ~ x/ia 2 , 

x/i" 1 = x//a 2 (see Fig l22|l 

xa 2 = x = x/ia 2 /i = xa/9a 2 

x = xa/3 

x/3 — xa 2 n p ~ 1Sq a — xa — x/3" 1 
=4> x/i~ 1 a _1 = x/3 2 = x 
x/i -1 = xa. 

Since x/i -1 ~ x, we get a contradiction. Now we can assume 

Note that xa 3 n p ~ 1Sq a 3 G x~ (Fig [23)- But xfia 2 ^ ~ ia 2 /i = x/i ~ x. So 
x[ia 2 [i G x + U {x}. Contradiction. 



xa xa 2 = x x/i 1 xa/i 1 = xa/ia 2 

Figure 22. x = xa 2 = xk p ~ 189 
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xfia 2 xa 2 x x\x xa 2 \i xjjbor^i 



xa 3 n p ~ 18q a 3 xa 3 x xn p - 18q 



Figure 23. Case (1) x ± xK p ~ 18q ,x^ Xfl 



x xji 1 xa 3 1 



xa 3 /j,a 2 x[ia 2 xa 2 *' x xji xa 3 /i 



Figure 24. Case (2) x^xp,x = xn p ~ 18q 



Now we may assume x ^ xa 2 . Suppose that x — xa 3 . Then 

xa 3 K p - 1Sq a 3 = xn p - 18q a 3 ~ xa 3 = x. 

But x[ia 2 [i x as shown in Fie l23f when x ^ x[i) and Fig l25f when x — xfi). Hence 
we also assume that x ^ xa 3 . 

Recall that x is not equal to at least one of x\i and xK p ~ 18q . 

We have 3 cases. Note that xa 2 ,xa 3 G x~ and x G (xa 2 )~ n (xa 3 ) - . 

(1) x ^ xK p - 18q and a; ^ ac/i. 

As shown in Fig [2S1 x/J,a 2 fi G x + but ra 3 K p " 18? a 3 G a; - . 

(2) x x\i and a; = xn p ~ 18q 

It follows that xa 3 ^ 1 — xa~ 3 [ia 2 . Then xa 3 G x + , but xa _3 /za 2 G 
x~ (see Fig EH - 

(3) x xn p ~ 18q and x = x[i. 

As shown in the figure of case (1), xa 3 K p ~ 18q a 3 G (xa 3 ) + . But x/ia 2 /i = 
m 2 /j G (xa 3 )" (FigOU). 

□ 

References 

[BH] Blcilcr, S., Hodgson, C, Spherical space forms and Dehn surgery, Topology, 35 (1996), no. 
3, 809-833. 

[BNR] Brittenham, M., Naimi, R., Roberts, R., Graph manifolds and taut foliations, J. Differen- 
tial Geom., 45 (1997), no. 3, 446-470. 

[CD] Calegari, D., Dunfield, N., Laminations and groups of homeomorphisms of the circle, Invent. 
Math., 152 (2003), no. 1, 149-204. 

[CC] Candel, A., Conlon, L., Foliations. II, preprint. 



22 



JINHA JUN 




Figure 25. Case (3) x ± x K p- 1& i,x = x^i 

[Eu] Eudavc-Munoz, Mario, Non-hyperbolic manifolds obtained by Dehn surgery on hyperbolic 
knots, Geometric topology (Athens, GA, 1993), 35-61, AMS/IP Stud. Adv. Math., 2.1, Amer. 
Math. Soc., Providence, RI, 1997. 

[FS] Fintushel, R., Stern, R., Constructing lens spaces by surgery on knots, Math. Z., 175 (1980), 
no. 1, 33-51. 

[Ga] Gabai, David, Problems in foliations and laminations, Geometric Topology, AMS, Provi- 
dence, RI, International Press, Cambridge, MA, 1997. 

[GK] Gabai, D., Kazcz, W., Order trees and laminations of the plane, Math. Res. Lett. 4 (1997), 
no. 4, 603-616. 

[GO] Gabai, D.,Oertel, U., Essential laminations in 3-manifolds, Ann. of Math. (2) 130 (1989), 
no. 1, 41-73. 

[HO] Hatcher, A., Oertel, U., Boundary slopes for Montesinos knots, Topology, 28 (1989), 453- 
480. 

[Li] Li, Tao, Laminar branched surfaces in 3-manifolds, Geometry and Topology, Vol. 6 (2002), 
153-194. 

[No] Novikov, S., Topology of foliations, Trans. Moscow. Math. Soc, 14 (1965), 268-305. 
[Oe] Oertel, Ulrich, Closed incompressible surfaces in complements of star links, Pacific J. Math., 
Ill (1984), 209-230. 

[Pa] Palmcira, Frederico, Open manifolds foliated by planes, Ann. of Math., 107 (1978), 109—131. 
[Rob] Roberts, Rachel, Taut foliations in punctured surface bundles. I, Proc. London Math. Soc, 

(3) 82 (2001), no. 3, 747-768. 
[Ros] Rosenberg, Harold, Foliations by planes, Topology, 7 (1968), 131-138. 

[Rol] Rolfsen, Dale, Knots and links, Mathematics Lecture Series, No. 7. Publish or Perish, Inc., 
Berkeley, Calif., 1976. 

[RRS] Roberts, R., Sharcshian, J., Stein, M., Infinitely many hyperbolic 3-manifolds which con- 
tain no Reebless foliation., J. Amer. Math. Soc, 16 (2003), 639-679. 
[We] Weeks, Jeffrey, SNAPPEA, the hyperbolic structures computer program. 

Department of Mathematics, Seoul National University, Seoul 151-747, Korea 
E-mail address: j h j un9math . snu . ac . kr 



